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ABSTRACT. We introduce a geometric condition of Bloch type which guarantees that a 
subset of a bounded convex domain in several complex variables is degenerate with respect 
to every iterated function system. Furthermore we discuss the relations of such a Bloch 
type condition with the analogous hyperbolic Lipschitz condition. 



1. Introduction 



< 

> 

u 

^3 . Let D C C™ be a domain. Let {fj} be a sequence of holomorphic self-maps of D. Let 

Fj :— fj o . . . o fi. The sequence {FA is called the holomorphic iterated function sys- 
tem (associated to {fj}). Such systems are encountered naturally in dynamical systems, 
continued fraction theory and other areas of complex analysis. Given a holomorphic iter- 
ated function system, one is interested in knowing its asymptotical behavior, namely, to 
^. ' know the possible limits (in the compact-open topology for instance) of the sequence. In 

Q\ , general such a question is rather difficult and one contents to know which conditions guar- 

antee that every limit of {Fj } is constant (we refer the reader to the papers 1 2 1 and 1 5 1 and 

^jj , bibliography therein). 

^L ■ More in detail, let X C D be a subset of D. We say that the set X is degenerate in D if 

\Q , all the limits of any holomorphic iterated function system {Fj} for which fj : D — > X are 

C^) ■ constant. 

^h , In case D = D := {C G O : |CI < 1}> degenerate subdomains are completely char- 

acterized in terms of hyperbolic distance by Beardon, Carne, Minda and Ng |2 1 and Keen 
and Lakic 1 5 1 . To state their results, we first introduce some terminology, as needed for our 
later aims. 

We denote by k^ the Kobayashi distance of D and by Kd the corresponding Kobayashi 
infinitesimal metric (for definition and properties we refer to |6|). Notice that for D = D 

rS | then fcu is nothing but the usual Poincare distance. 

C^ ■ Let X C D. Let us denote by R{X) its Bloch radius, namely 

R(X) = sup{r > : B D {z,r) C X}, 

where Br)(w,r) = {w G D : kr){w,z) < r} is a Kobayashi ball of center z G D and 
radius r > 0. A subset X C D is a Bloch subset of D if R(X) < +oo. 

Let now Z C D be a subdomain of D. Then kz{z; v) > kd{z; v) for all z G Z and 
v G T Z Z. The hyperbolic Lipschitz constant of Z is defined as 

f i D (z) : = sup{ ^(^) . (3 w) e rz,^ o}. 
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The subdomain Z is called a Lipschitz subdomain of D is \xu (Z) < 1. 
In Beardon, Carne, Minda and Ng proved the following result: 

Theorem 1.1 (Beardon-Carne-Minda-Ng). Let U C D be a domain. Then 

(1) tanh 7jR(U) < po(U) < tanh R(U). In particular U is a Block subdomain o/B 
if and only if it is a Lipschitz subdomain o/B. 

(2) If U is a Lipschitz subdomain o/B ?/;e« [/ is degenerate in B. 

In Keen and Lakic showed that also the converse of (2) holds: 

Theorem 1.2 (Keen-Lakic). Let U E\ TS> be a domain. IfU is degenerate in B then it is a 
Bloch subdomain o/B. 

Thus the theorems of Beardon, Carne, Minda and Ng and of Keen and Lakic completely 
characterize geometrically degenerate subdomains of B. 

In higher dimension the story is different. In |2) it is in fact also proved: 

Theorem 1.3. Let D CC C" be a domain. If X C D is a Lipschitz subdomain of D then 
X is degenerate in D. 

However, as Beardon, Carne, Minda and Ng show, Bloch domains are not necessarily 
Lipschitz domains in several dimensions, and the question of characterizing in a geometric 
flavor both Lipschitz and degenerate subdomains of bounded domains in higher dimension 
is open. 

The aim of the present note is to present a Bloch-type property that guarantees a subset 
(not just an open subdomain) of a bounded convex domain to be degenerate. To motivate 
our definitions and results, we first look at the following example: 

Example 1 .4. Let { gj } be any sequence of holomorphic self maps of B whose associ- 
ated holomorphic iterated function system has some non-constant limit g and whose image 
is contained in some set X 1 C B. Let us define fj : B" — » B™ by fj(zi, . . . , z n ) = 
(gj(zi),0, . . . , 0). Then the holomorphic iterated function system associated to {fj} has 
image contained in X — X' x {O}. The set X is clearly a Bloch subset of B" because 
it contains no Kobayashi balls, but the holomorphic iterated function system has a non- 
constant limit (g(zi), 0, . . . , 0). Notice that however Ifl(Dx {O}) cannot be a Bloch 
subdomain in B by Theorem ll.2l and thus it is not Lipschitz (as a sub variety) of B" accord- 
ing to Theorem ll.il 

The previous example suggests that degenerate properties of a subset should be related 
to Blochness properties of the intersection of that subset with suitably chosen analytic 
discs. In order to make this argument work (and to choose the right discs) we briefly re- 
call how a Lempert projection device is defined (see 0, [l] Proposition 2.6.22] and ||6l 
Theorem 4.8.12] for further details). 

Let D be a bounded convex domain in C™ and let zq E D. Given any point z G D 
there exists a complex geodesic ip : D — > D, i.e., a holomorphic isometry between fcn 
and kr>, such that ip(Q) — zq and ip(t) — z for some t E (0, 1). A complex geodesic is 
also an infinitesimal isometry between the Poincare metric and the Kobayashi metric, and, 
given any point z E D and nonzero direction v E T Z D there exists a complex geodesic 
containing z and tangent to v at z. 

Moreover for any such a complex geodesic there exists a holomorphic retraction p v : 
D — » <p(H>) with affine fibers, i.e. p v is a holomorphic self-map of D such that p v o p v = 
pip, Pip(z) — z for any z E y(B) and /cC 1 (</?(£)) H D is the intersection of D with a 
complex hyperplane for all (el. We call such a p v a Lempert projection associated to ip. 
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We remark that if D is convex but not strongly convex then p v is not unique in general. For 
instance in the bidisc DxD the complex geodesic D 3 ( ^ ((,() has several Lempert 
projections such as p 1 (z,w) — (z,z) and p 2 (z,w) — ( £ ^, £ ^ H ). However, if D is 
strongly convex then the Lempert projection (that is the one with affine fibers) is unique 
(see Proposition 3.3]). 

Furthermore we let p v :— ip^ 1 o p v : D — ► D and call it the left inverse of ip, for 
p v o if = idn. The triple {if, p v , p v ) is a so-called Lempert projection device. 

Remark 1 .5. For D = B" the unit ball of C" the image of the complex geodesic through 
the points z ^ w e B" is just the one dimensional slice S z , w '■— B" fl {z + £(z - w) : ( G 
C}. The Lempert projection is thus given by the orthogonal projection of B n onto S z>w . 

Definition 1.6. Let D C C" be a bounded convex domain. We say that a subset X C D is 
1-Bloch in D if there exists C > such that for any Lempert projection device (if, p v , p v ) 
the subset p v (X) is contained in a Bloch subdomain U v of D with Bloch radius R(U V ) < 
C. 

The main result of this note is: 

Theorem 1.7. Let D C C™ be a bounded convex domain. Let X C D be a subset of D 
which is 1 -Bloch in D. Then X is degenerate in D. 

The proof of Theorem ll.7l is contained in section two. Such a proof does not rely on 
any Lipschitzian property of 1 -Bloch subsets but, as we show in section three, a 1 -Bloch 
subdomain of D is necessarily Lipschitz in D (so that, in case X is a subdomain, Theorem 
II. 71 follows also from Theorem 1 1 .31 . In section three we also discuss of another natural 
Blochness condition which is implied by the Lipschitz condition for subdomains, giving 
some geometric hints on what a Lipschitz subdomain in several complex variables looks 
like. 

2. Bloch, 1 -Bloch and degenerate subsets 

In all the present section D is bounded convex domain in C™ and X C D denotes a 
subset of D. We begin with the following simple observation: 

Proposition 2.1. If X is 1-Bloch than X is a Bloch subset of D. 

Proof. Let Bd(z$, r) be any Kobayashi ball contained in X. Then for any complex geo- 
desic ip : D — > D such that ip(0) = zq it follows that f(Bo(0, r)) C Bd(zo, r) and there- 
fore p^(ip{p) fl X) contains the hyperbolic disc Bo(0, r). Since p~ v (ip(p) n X) C p v (X) 
then p v (X) contains the hyperbolic disc Bjj,(0, r). Hence the Bloch radius of any domain 
in D containing p v (X) must be greater than or equal to r. Since by the very definition 
there exists a domain U v C D containing p v (X) with Bloch radius < C, it follows that 
r < C and hence X has Bloch radius < C, and it is a Bloch subset of D. □ 



Notice that Example ll.4l shows that the converse of Proposition ^. H is false in general. 
In order to prove Theorem ll.7l we need a preliminary fact, quite interesting by its own. 
First, we recall the following lemma |2 Lemma 3.1] 

Lemma 2.2. If g : D — > U is holomorphic then ko(g(C), $(?7)) < p(U)ko(C,,rf) for all 
Then we have 
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Proposition 2.3. Let Wj C D with j £ N be Block subdomains o/U. Assume that there 
exists C > rac/; that the Block radius R(Wj) < C for all j G N. If {gj} is a sequence of 
holomorphic self-maps of Tb such that gj(J}) C Wj then the holomorphic iterated function 
system {gj o . . . o g± } has only constant limits. 

Proof. By Theorem 11.11 there exists c < 1 such that the hyperbolic Lipschitz constant 
/J>(Wj) < c for all j. By Lemma l2~2l it follows that ko(gj((),gj{j])) < ck-a((,rj) for all 
C, rj G D and j G N. Thus the sequence {gj} is strictly decreasing with respect to fcn with 
uniform constant c < 1 and our statement follows from a Contraction Mapping Theorem 
(see, 1 2 Theorem 1.1]). □ 



Now we can prove Theorem ll.7l 

Proof of Theorem \l.7\ Let {fj} be a sequence of holomorphic self-maps of D with image 
contained in X. Let F be a limit of the associated holomorphic iterated system {Fj } (where 
Fj := fj o . . . o fi). Up to relabeling we can assume that {Fj} converges to F. Assume 
that F is not constant and that F(z) ^ F(w) for some z,w G D. Let tp\ : B — ► D 
be a complex geodesic such that </?i(0) = 2 and <pi{ti) = w for some < t\ < 1. 
Let ^>j : U> — > -D for j > 2 be a complex geodesic defined by induction as follows: 

Vi(°) = /j'-i ° ■ • ■ ° A( z ) = F j-i( z ) and ^ife) = fj-i ° • •• ° AM = -Fj-i( w ) 
for some < £,- < 1. Let gj := p v+1 ° /j ° y>j. Then ^ : D — > B is holomorphic. By 
construction ^ o . ..og 1 (0) = p Vj+1 {Fj(z)) while g.,o. ..og^ti) = jo^ +1 (Fj(w)).Now, 
the family {vj} is a normal family in D. Let y> : D — > £> be one of its limit. By continuity 
of the Kobayashi distance it follows that either ip is a complex geodesic or <p(U>) C 9.D. 
Since ipj (0) = -Fj-i {z) — » i^(^) as j — » oo, it follows that tp is in fact a complex geodesic. 
Moreover, since (fj (tj ) = Fj (w) — ► F(w) as j — * oo, it follows that there exists t € (0,1) 
such that tj — » i as j — > oo and ip(t) = F(w). Up to re-labelling, we can assume that tp is 
the only limit of {ipj}. 

Next, we claim that the Lempert projections {p v } converge (up to subsequences) in the 
compact-open topology of I? to a Lempert projection p v (showing that {p v } converges 
to p v ). To see this, let p be any limit of the normal family {p v }. Again, up to re-labeling, 
we can assume that p is the only limit. First we notice that, since p v . (<pj (()) = ipj (£) for 
all C G D and j G N, it follows that p(p{()) = <^(C) for a11 C e D. Thus, in particular, 
p(D) C D and, since p v . o p v . = p v for any j, it follows that p o p = p. Now we claim 
that p(D) = ip(B). We already know that (p(B) C p(D). Let p{z) G p(D). Then there 
exists a sequence {zj} C D such that Pj(zj) — > p(z) as j —> oo. But Pj(zj) = <fj(Cj) 
for some Q G D and Q — y £ £ D. Thus <Pj((j) — > (^(C) = p(^) and hence p(z) G y(lD). 
Finally, it is clear that the fibers of p are to be affine for those of every p v are. Hence p is 
a Lempert projection associated to tp. 

As a result, if g is any limit of the holomorphic iterated function system {gj } it follows 
thatg(O) = Hindoo p Vj+1 (Fj(z)) = p v (F(z)) = 0and.g(i) = lim,-^^ p Vj+1 { F j( w )) = 
p v (F(w)) = t. Hence the holomorphic iterated function system {gj} has a non- 
constant limit. However, by the very definition of 1-Bloch, gj : ED — > Wj with 
Wj — p v+1 (fj(tpj{p))) G p v . +l (X) G Uj where Uj is a Bloch domain in D with 
Bloch radius bounded from above by some C > independently of j. This contradicts 
Proposition ^ . 3 l and we are done. □ 

3. c-Bloch, 1 -Bloch and Lipschitz subdomains 

In all the present section I? is a bounded convex domain in C" and X c D denotes a 
subdomain of D. 
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Definition 3.1. The subdomain X C D is c-Bloch if there exists C > such that for 
every Lempert projection device (tp, p v , p v ) the (possibly empty) open set p v (X n cp(ID))) 
is contained in a Bloch subdomain of D with Bloch radius bounded from above by C. 

By the very definition we have 

Proposition 3.2. A 1 -Bloch subdomain X C D is c-Bloch. 

The converse is however false in general as the following example shows: 

Example 3.3. Let D = B 2 . Let E{e\, R) denote a horosphere (see, e.g. | 1 1) with center 
ei := (1, 0), radius R > and pole O; namely 

E w (e x ,R) = {z G B 2 : |1 - zx| 2 < i?(l - ||z|| 2 )}. 

Let X = £B 2 ( e ii2) \ £ , B 2 (ei, 1)- The domain X is thus formed by the difference of 
two open complex ellipsoids tangent each other to the point (1,0). Its closure intersects 
the boundary of B 2 only at the point (1, 0). We claim that X is c-Bloch but it is not 1- 
Bloch. Indeed the orthogonal projection of X on the complex geodesic tp(() — (C; 0) i s 
the horodisc £©(1, 2) of B with center 1 and radius 2 which is not a Bloch subdomain of 
B, showing that X is not 1 -Bloch. To see that X is c-Bloch one can argue as follows. If tp : 
B — » D is any complex geodesic whose closure contains (1, 0) then ~p v (X C\ tp(H>)) is given 
by -Eft (1, 2)\£b(1, 1) (see |1 Proposition 2.7.8.(i)]) which is a Bloch subdomain of B (see 
0) with a fixed Bloch radius independent of tp. As for the other complex geodesies, if if : 
B — > Dis any complex geodesic whose closure does not contain (1,0) then p v (Xntp(H))) 
is given by an annulus A v in B. Such annuli A v stay bounded from <9B independently of 
tp provided the cp's stay away from a complex geodesic whose closure contains (1,0); 
while A v "degenerates" into Ejj,(1, 2) \ £fo(l, 1) as tp tends to a complex geodesic whose 
closure contains (1,0). Therefore the Bloch radius of p v (Xr\tp(TD))) is bounded from above 
independently of tp. 

We have the following relations among 1 -Bloch, c-Bloch and Lipschitz subdomain 

Proposition 3.4. Let D be a bounded convex domain. Let X C D be a subdomain. 

(1) If X Lipschitz in D then X is c-Bloch in D. 

(2) If X is 1-Bloch in D then X is Lipschitz in D. 

Proof. (1) Let tp : B — » D be a complex geodesic such that tp(TD) fll^fl. The set U v :— 
p v {X n <p(P)) is a (not necessarily connected) domain in B. Since tp\u : U v — > X is 
holomorphic, by the monotonicityoftheKobayashi metric Kx(<p(C)'> ^C^)) ^ K c/ (CiO 
for all C G C/ v and £ e C \ {0} = T c C/ y \ {0}. Hence for all «, ^ G T[/ v we have" 

«d(C;C) _ «£>(</>(0; <%(£)) < «g(y(C);^c(0) < 



for some c < 1 independent of ^ (because X is Lipschitz in D by hypothesis). Thus C/ v 
is Lipschitz in B and by Theorem ll.ll d) it is a Bloch subdomain of B with Bloch radius 
bounded from above by 2 tanh^ 1 c. Hence X is c-Bloch. 

(2) Assume that X is 1 -Bloch. This means that there exists a constant C > such that 
for all Lempert projection devices (tp, p v ,p v ) it follows that the Bloch radius of p v (X) 
is less than or equal to C. In particular by Theorem ll.ll d). the (possibly empty) open set 
p v (X) is a Lipschitz subdomain of B with hyperbolic Lipschitz constant bounded from 
above by c = tanh C. 

Fix z G X and v G T Z D \ {0}. Let tp : B — » I? be a complex geodesic such that 
<p(0) = z and dp a (£) = v for some £ G C. Let p^ : D — > B be the left inverse of tp. By 
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the monotonicity of the Kobayashi metric, considering the holomorphic map p v \x '■ X — » 
p v (X) C D and since d{fi v ) v (Q o dfc, — id, we have 

k x (z;v) > Kp v{x) {p v {z);d(p v ) z {v)) = K^ (X ) (();£)• 

Therefore, taking into account that «d(z; v) — kd(0; £), it follows 

proving that X is Lipschitz in D. □ 

Remark 3.5. Proposition 13.41 gives a geometric necessary condition (c-Blochness) for a 
subdomain to be Lipschitz, and then degenerate. Such a condition is rather easy to be 
verified in simple domains such as the unit ball B™ of C™. We do not know whether such a 
condition is also sufficient, namely, it is an open question if c-Bloch implies Lipschitz. 
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